ABSTRACT
INTRODUCTION
The study of nonlinear systems is of great importance in physics, since physical phenomena in nature are intrinsically nonlinear. Therefore, here is a challenge in various fields of research to understand the nonlinear systems such that we can develop novel approaches depend in the theory of dynamical modeling [1] . There is extensive research work studying the solution of such nonlinear systems in literature. For instance, Ref. [2] , examined combining the pitch and roll motion of ships. Hence, the saturation phenomenon was discovered. Since, the design passive vibration control is too complex and difficult to control exactly, the percentage of internal resonance and active vibration control has been used. Therefore, many authors implement advanced control.
In the work of Ref. [3] the horizontal oscillation of the magnetic moving body object has been reduced by the including a nonlinear saturation controller (NSC) to the nonlinear differential equation. Multivariate the technique of multiple scales was applied to get an analytical solution and to explain the behavior of this model. In another research paper [4] loop delays have been taken into consideration, when PPF controller was applied. In that case, vibrations of self-excited and forced nonlinear beam could be reduced and approximate solution was studied after using MTSP technique. On the other hand, analytical formulas for calculating the induced resonance frequency transformations of electrically charged, micro-and nano-imposed (carbon nanotubes) beams, were obtained [5] , due to adding mass. The linear dynamical responses of the added masses were investigated after being systemized on a separate point of masses that depend in the theory of Euler Bernoulli beam. And finally a comparison was made between the analytical results and the numerical solution to the problem. Moreover, the beam can be cracked and with the influence of harmonic excitement, using different control techniques [6] . These controls are Positive position feedback (PPF), integral resonance control (IRC) and nonlinearity NIPPF observations. To obtain the mathematical analysis and observing the curves of multi-branch frequency amplitude, multiple scales process was applied. Additionally, the sensitivity of the frequency responses to the frequency ratio Y. A. AMER, et al 10 increased in higher depth ratios. The nonlinear s.d.o.f. system of the fifth order under external stirring with two distinct delay time, was studied in [7] . They introduced an investigation of primary and super harmonic of order five, and subharmonic of order one-three resonances for this system. The equations of the modulation for the amplitudes and the phases have determined by using the technique of multiple scales. They also investigated in each resonance about the stabilities regions and their steady-state solutions. In addition, by using the Mathematica Software, the numerical results were obtained. Finally they discussed the influence of the time-delays and feedback gains on the non-linear response of this system. To reduce the peak amplitude of the response for the case of primary, they have chosen a suitable time-delays and feedback gains that could increase the critical force amplitude.
The stability of the non-autonomous bicircular four-body system, has been analyzed in [8] . By using Newton's law of gravity they derived the governing equation. In Ref. [9] , the multiple scales perturbation method was used to check oscillations in the compressor rotating blade. In order to decrease the oscillations in this model, they applied position with velocity feedback controller. In Ref.
[10] mass presented analytical formulations was added in order to compute the persuaded resonance frequency shifts of electrically activated clamped-clamped micro and nano (Carbon nanotube) beams. In this case, the beam's linear dynamic responses added masses depend on the theory of EulerBernoulli beam. The oscillations of a self-excited and forced nonlinear beam applied PPF controller has been reduced in [11] . MSPT has been used to obtain an approximate solution of first-order in the simultaneous resonance case. The curves of the equilibrium solution are designed for various values of controller parameters. They investigated the steady state solution by using the equations of frequency-response. Then the approximate solution was verified numerically.
In Ref. [12] , stochastic dynamic of a piezoelectric energy harvesting device, was studied. They presented the lumped parameter of physical model representing the device, hence they developed a normalized mathematical system for simulating the model. Accordingly, they applied the random vibration theory in order to describe the device's output power in terms of the excitation of the neighboring media. Then, they have maximized the mean value of the normalized gathered power. On the other hand, the multi Positive Feedback (MPF) control was studied in [13] . That was a new technique for active vibration reduction in flexible smart constructions. The same authors [14] studied a novel Nonlinear Integral Resonant Controller (NIRC). In that respect, the vibrations in nonlinear vibrational smart structures were suppressed using the method of Multiple Scales. In that case, they could get an analytical solution for the closed-loop model. The multi-body dynamical system of the Virginia Tech Roller Rig (VTRR) was developed [15] , via multi body simulation software package SIMPACK. They used multi body dynamical system for conducting vibration, noise, harshness analysis of the rig. In this regard, the Integral Consensus Control (ICC) can be introduced [16] , as a novel vibration control procedure. Therefore, the unwanted oscillations in flexible structures can be suppressed. The absorber methodology was a network-based distributed technique, and used consensus control design. However, the vibration of a nonlinear model can be [17] , using PPF active controller, when subjected to external primary resonance excitation and one can obtain a first-order analytical solution using MSPT.
Nonlinear oscillations of flexible structures can be reduced [18] , using nonlinear modified positive position feedback (NMPPF). Where a PPF controller was modified by a first-order compensator. In Ref. [19] the PPF absorber was considered to reduce the oscillations of a vertical conveyor. Here, two PPF controllers were used to reduce the vertical vibration in a vertical conveyor. In this respect, two PPF controllers can be integrated on a system of horizontally Jeffcott-rotor, in order to suppress the vertical and horizontal vibrations of this system. Therefore, one can obtain the analytical solution of a second-order governing equations of system that includes cubic and quadratic nonlinear terms. by applying MSPT. In a nutshell, the previous studies was considered to reduce the vibrations of the various dynamic models by adding controllers such as PPF, NSC, NIPPF and etc. or by studying the delay of time. However, in this article, we investigate an active vibration control with external excitations of a nonlinear s.d.o.f. system of the fifth order mentioned in [7] by applying positive position feedback (PPF) controller. 
where ( 1, T , which are presented in the appendix (4). Then we can find the analytical solution of equations (1), (2) by substituting equations (13), (14), (17) , (18) , (19) and (20) into equations (3) and (4).
Periodic Solution
The simultaneous (primary and internal) resonance case (
the first-order approximation solution. By introducing small parameter as follow:
Inserting Eq. (21) after using Eqs. (5)- (6) into the small-divisor and secular terms of Eqs. (15)- (16), we get the following solvability conditions: 21 12 22
To investigate the solution of equations (22) 
By inserting Eq. (24) into Eqs. (22)- (23), and after some mathematical manipulations, we get the autonomous equations of the amplitude and phase modulating: 
where, 1
Equilibrium solution
We have that at steady-state motion
Substituting Eqs. (29) into Eqs. (25) - (28), we get 
By using Eqs. (30) - (33), we obtain 
Equations (34) and (35) are the FRE that utilized to characterize the steady state solutions conductance for the practical state i.e. ( 0 , 0 ab  ).
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Stability analysis
To define the stability of the steady-state solution, present the following forms :   1  0  1  0  1  11  10  2  21  20 , , , 
where the above square matrix is the Jacobian matrix, , 1, 2,3, 4 lm rl  and 1, 2,3, 4 m  are given in the Appendix. The eigenvalues of the above system can be illustrated as:
1. The method of phase portrait for the system.
In this section we discuss the phase plan form that can be characterized by two equations of nonlinear first order for the main system without control i.e 2 0, 0 b   as follows:
On the Poincaré phase plane, the phase orbits, which are represented by the vector fields corresponding to equations (39) and (40), provide useful data about the properties of the main system. We can put the equations (39) and (40) 
We can look for equilibrium points, and define whether the function changes toward or away from these points as time passes giving rise to the asymptotic behavior of the function without having to solve for it. If we put Ref [21] . If we change the values of system parameters this will lead to change the critical points and there eigenvalues classifications that can be summarized as in table 1. 
Stable or unstable ,center or spiral Fig. (3) represents the uncontrolled amplitude time history and phase plane at primary resonance of the main model. Fig. (4) illustrates the time histories of both controlled amplitude of the main model and PPF amplitude also, phase plane of both the main system and controller at primary and 1:1 internal resonance. We notice that from Fig. (2) after using the PPF controller the oscillations amplitude for the basic model reaches to 0.0005091, this interpret that the oscillations suppressed to about 99.93% from its value without PPF control after short time 150 t Sec  . This leads to the effectiveness of the absorber a E ( a E = the system steady-state amplitude before controller / the system steady-state amplitude after controller) is around 1478.099 after using PPF controller for the essential system. 
Comparison of time history between numerical and analytical solutions
Applying the condition for a steady-state solution, that is, 12 0      ab at the 1:1 internal and primary resonance, the comparison between the numerical solutions of equations (1) and (2) for PPF control and the analytical solutions given by equations (31) -(34) has been declared as in Fig.5 . The dashed lines indicate the amplitudes modulation , ab for the generalized coordinate , xy. On the other hand, the continuous lines characterize the time history of oscillations, which acquired numerically as solutions of the equations of the system with PPF controller. From this figure, we found that the two studying cases of resonance are applicable to each other at the steady state solution. Also, there is a good agreement between approximate and numerical solutions. Figs.8a and 8b . By decreasing the numbers of the linear natural frequency, the beaks of essential system and controller amplitudes increase, the unstable region increases and the bandwidth of vibration suppression for the essential system and the controller increases. Fig.9 and Fig.10 shows that when changing the sign of non-linear coefficient 2  and 4  respectively , the amplitude for the essential system a and the amplitude of absorber b is curved to the right with positive sign denoting a hardening-type spring nonlinearity. On the other wise, with negative sign denoting a softing-type spring nonlinearity occurred when the amplitude for the essential system a and the amplitude of absorber b is curved to the left. In Fig. 11(a, b) , we display the FRC of the harmonic force amplitude F for the essential system and the restrainer, respectively. Also, this figure shows that the more increasing in the harmonic force amplitude the more bending away of the FRC away from the linear curves and the more increasing the beaks of amplitudes. The unstable regions are increased with increasing the external force. Fig. 12 (a, b) indicates that for growing values of the damping factor for the absorber 2  , the steady-state amplitudes for the essential model and the absorber are reduced, and the unstable region is decreased until total figure become stable. Also, we noticed that at 1 0   the amplitude of the main system moving away from zero, which is supposed to reach zero at primary resonance case 1   that occurs at 1 0   , therefore, it is preferable to take a small value for the variable 2  . The bandwidths are gradually appearing for increasing the control signal gain  and the feedback signal gain  values as illustrated in Fig. 13 and Fig.14, respectively . Also, the peaks amplitudes of PPF control are reducing at increasing the number of  as in Fig. 13b . on the other hand, the peaks amplitudes of PPF control are increasing at growing the value of  as in Fig. 14b .
At the detuning parameter 2
 is increased as in Figs. 15a and 15b , the amplitudes of the essential model and PPF moved to right and the amplitude peak value of right-hand control and the amplitude peak value of left-hand side are growing and reducing. Using the curves of frequency response, we concluded that the value of 2  must be equal the value of 1  to obtain the smallest value of the steady-state amplitude of essential system and the absorber which cleared at 21 1
0   and 21 1   .In Fig. 16 we using MATLAB® computer program to appear the rapprochement between the FRC and the numerical solution by the small circles. From this figure, all predictions based on evidence of the analytical solution are at extremely valid coincidence with the numerical solution.
In Figure 17 , a comparison is made between FRC before and after adding control. Note that after the addition of control, the amplitude of the system decreases at the measured resonance i.e when 1 0   , and two beaks are shown on the sides of the 1 0   . excitation mentioned in Ref. [7] to control the vibration model as shown in this work. c. Secondly, we applied the MSPT to get a solution of the studied system and examined the stability of this system. d. Finally, we have succeeded in decreasing the amplitude of steady-state for the main system to 99.93% after using PPF absorber from its value before absorber. For obtaining the effective PPF controller, we have found that it is essential tuning the external excitation frequency to the controller natural frequency ( 2   ).
CONCLUSION
The nonlinear dynamical system connected to PPF was introduced with two coupled differential equations. These equations have been solved analytically by using MSPT approximation. The FRE has been obtained near the primary resonance and 1:1 iinternal resonance. The time development of the amplitudes and phases of both the essential model and the absorber are represented by four first order differential equations that derived by MSPT. After that we have investigated the influences of the parameters to present the amplitude performance of the model and PPF. The stability study is completed to define the stable boundary of the control variables. From this research, the highlighted points can be summarized as following:
1. By using PPF controller, the amplitude of steady-state is decreased to 99.93 % from its value before control. 2. The effectiveness of the absorber a E is about 1478.099 when using PPF controller for the main system. 22  5  13  4  5  6  7  8  2  2  2  2  22  1  1  2  1  13 , , , 1ˆ( 2 ( 6 )), 
